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EQUIVARIANT HOMOLOGY FOR GENERATING FUNCTIONS AND
ORDERABILITY OF LENS SPACES
SHEILA SANDON
Abstract. In her PhD thesis [M08] Milin developed a Zk-equivariant version of the contact
homology groups constructed in [EKP06] and used it to prove a Zk-equivariant contact non-
squeezing theorem. In this article we re-obtain the same result in the setting of generating
functions, starting from the homology groups studied in [S11]. As Milin showed, this result
implies orderability of lens spaces.
1. Introduction
Let (P, η) be a (cooriented) contact manifold. A contact isotopy φt of P is said to be positive
(respectively non-negative) if it is generated by a positive (non-negative) contact Hamiltonian.
Geometrically this means that φt moves every point of P in a direction which is positively trans-
verse (or tangent) to the contact distribution. Consider now the universal cover ˜Cont0(P, ξ) of the
identity component of the group of contactomorphisms of P . Recall that ˜Cont0(P, η) is defined
to be the set of homotopy classes of paths φt of contactomorphisms of P with fixed endpoints
φ0 = id and φ1. The group structure can be defined equivalently either by composition of con-
tactomorphisms or by juxtaposition of paths. We define a relation ≤ by saying that [φt] ≤ [ψt] if
the class [ψt][φt]
−1 can be represented by a non-negative contact isotopy. This relation is always
reflexive and transitive. The contact manifold (P, η) is said to be orderable if anti-symmetry also
holds. In this case ≤ defines a (bi-invariant) partial order on ˜Cont0(P, η).
The notion of orderability was introduced by Eliashberg and Polterovich in [EP00]. In the same
paper the authors also proved that a contact manifold is orderable if and only if there are no
positive contractible loops in the identity component of the group of contactomorphisms, and
used this criterion to infer orderability of projective space RP 2n−1 from Givental’s theory of the
non-linear Maslov index [Giv90]. Since then other contact manifolds have been proved to be order-
able: standard contact Euclidean space [Bh01], 1-jet bundles [CFP10, CN10a], cosphere bundles
[EKP06, CN10b] and lens spaces [M08]. On the other hand, the first examples of non-orderable
contact manifolds were found by Eliashberg, Kim and Polterovich [EKP06]. In particular they
showed that the orderability question is sensitive to the topology of the underlying manifold, by
proving that the standard contact sphere S2n−1 (for n > 1) is non-orderable even though it is the
double cover of the orderable contact manifold RP 2n−1. Another surprising result contained in
[EKP06] is the discovery that orderability is related to some contact squeezing and non-squeezing
phenomena.
Given open domains U1 and U2 in a contact manifold (V, ξ) we say that U1 can be squeezed
into U2 if there exists a contact isotopy φt, t ∈ [0, 1], from the closure U1 of U1 to V such that φ0
is the identity and φ1 (U1) ⊂ U2. The key to relate the two notions of orderability and contact
squeezing is a geometric construction [EKP06] that, given a Liouville manifold (M,ω = −dλ)
with non-orderable ideal contact boundary
(
P, η = ker(λ)
)
, uses a positive contractible loop of
contactomorphisms of P to squeeze domains in the prequantization
(
V =M×S1, ξ = ker(dθ−λ)
)
ofM . A particular application of this idea is the following squeezing result in the contact manifold(
R2n × S1, ker (dz − ydx−xdy2 )
)
. We will denote by B(R) the domain { π
∑n
i=1 x
2
i + y
2
i < R } in
1
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R2n. Moreover, given a domain U of
(
R2n, ω0 = dx ∧ dy
)
we will denote by Û its prequantization
U × S1 in R2n × S1.
Theorem 1.1 ([EKP06]). If n > 1 then any domain of the form B̂(R) with R < 1 can be squeezed
into B̂(R′) for R′ arbitrarily small.
This result is proved by applying the squeezing construction to the special case of M = R2n and
using an explicitly constructed positive contractible loop of contactomorphisms of S2n−1. Note
that the proof does not work for n = 1 because S1 does not admit any positive contractible loop of
contactomorphisms 1. On the other hand, the same squeezing construction can also be used in the
opposite direction, i.e. to infer non-existence of a positive contractible loop of contactomorphisms
of P (hence orderability of P ) by proving non-squeezing results in M ×S1. In particular, this was
the strategy followed by Milin [M08] to prove orderability of lens spaces.
Consider the lens space L 2n−1k (m0, · · · ,mn−1), which is defined to be the quotient of the unit
sphere S2n−1 in Cn by the Zk-action generated by the map
(1) τk : (w0, · · · , wn−1) 7→
(
e2πim0/kw0, · · · , e
2πimn−1/kwn−1
)
.
In the following the coefficients m0,· · · , mn−1 will play no role so we will drop them from the
notation. Since the standard contact form λ0 =
ydx−xdy
2 on S
2n−1 is invariant with respect to
this action it descends to a contact form on L 2n−1k . To prove orderability of L
2n−1
k , by the
criterion given in [EP00] we need to show that there is no positive contractible loop in the identity
component Cont0
(
L 2n−1k
)
of its contactomorphisms group. Note that the identity component
Cont Zk0
(
S2n−1
)
of the group of Zk-equivariant contactomorphisms of S
2n−1 is a connected k-fold
covering of Cont0
(
L 2n−1k
)
, and so it is enough to show that there is no positive contractible loop
in Cont Zk0
(
S2n−1
)
. Note also that without loss of generality we may assume that k is prime.
Elaborating on the construction of Eliashberg, Kim and Polterovich, Milin showed that if there
was a positive contractible loop in Cont Zk0
(
S2n−1, ξ
)
then this could be used as a tool for Zk-
equivariant contact squeezing of domains in R2n×S1, where Zk acts on R
2n×S1 by the action (1)
in each R2n-fiber. More precisely, such a positive contractible loop could be used to squeeze B̂(R)
for some small R into B̂(R′) for R′ arbitrarily small, by a compactly supported Zk-equivariant con-
tact isotopy of R2n×S1. Thus, orderability of L 2n−1k follows if we prove the following equivariant
contact non-squeezing theorem.
Theorem 1.2. Given any R, the domain B̂(R) cannot be squeezed by a Zk-equivariant contact
isotopy of R2n × S1 into B̂(R′) for R′ arbitrarily small.
Theorem 1.2 was proved by Milin [M08] using a Zk-equivariant version of the theory of contact
homology for domains of R2n × S1 that was developed in [EKP06]. In this article we will reprove
Theorem 1.2 in the setting of generating functions, starting from the contact homology groups
studied in [S11].
In [S11] we used the set-up of Bhupal [Bh01] to generalize to the contact case Traynor’s con-
struction [Tr94] of symplectic homology for Hamiltonian symplectomorphisms and domains in
R2n. In this way we obtained homology groups G
(a,b]
∗ (φ) for compactly supported contacto-
morphisms of R2n × S1 isotopic to the identity, and homology groups G
(a,b]
∗ (V) for domains of
R2n×S1. Here a and b are integer parameters. The group G
(a,b]
∗ (φ) is defined to be the relative
1Using the techniques in [El91] it can be proved that in dimension 2n+1 = 3 it is never possible to squeeze B̂(R)
into a smaller B̂(R′). Some contact rigidity is also present in higher dimension: it was discovered by Eliashberg,
Kim and Polterovich [EKP06] (and reproved in [S11] using generating functions techniques) that B̂(R) cannot be
squeezed into B̂(R′) if R′ ≤ k ≤ R for some integer k.
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homology of the sublevel sets Ea and Eb of a generating function S : E → R of φ, while G
(a,b]
∗ (V)
is obtained by considering the inverse limit of the homology groups of contactomorphisms sup-
ported in V . In this article we will prove that if φ is a Zk-equivariant contactomorphism then
it has a generating function S : (R2n × S1) × RM(2n+1) → R which is invariant with respect to
the diagonal Zk-action on (R
2n × S1) × RM(2n+1) (Proposition 3.3). Moreover we will show that
all such generating functions for φ are related by Zk-equivariant fiber preserving diffeomorphisms
and Zk-invariant stabilization (Proposition 3.7). We will then define the Zk-equivariant contact
homology group G
(a,b]
Zk, ∗
(φ) of φ to be the equivariant relative homology of the sublevel sets of S.
The Zk-equivariant contact homology G
(a,b]
Zk, ∗
(V) of a Zk-invariant domain V in R
2n × S1 is then
defined via a limit process, as in the non-equivariant case.
The existence and uniqueness results for generating functions of Zk-equivariant contactomor-
phisms of R2n × S1 are obtained by adapting the arguments given in the non-equivariant case
by Chaperon [Chap95] and The´ret [Th95, Th99]. An important ingredient is the new formula (2)
for the Legendrian submanifold Γφ of J
1(R2n+1) associated to a contactomorphism φ of R2n+1.
Indeed, the formula that was introduced by Bhupal [Bh01], and used in [S11], does not preserve
the Zk-action.
In order to prove Theorem 1.2 we will need to calculate the equivariant homology of balls (The-
orem 4.2). We will do this by elaborating on the calculations given by Traynor. In [Tr94] she
constructed an unbounded ordered sequence of Hamiltonian symplectomorphisms supported in a
ball B(R) in R2n, and obtained the symplectic homology of B(R) by calculating the index and
critical value of the critical submanifolds of the corresponding generating functions. As we will
see, the fibers over 0 and ∞ in the base manifold R2n will play no role in the calculations and so,
since Zk-action is free away from those fibers, the equivariant homology will be obtained essen-
tially by just taking the quotient. In particular we will see that the critical submanifolds, that in
the non-equivariant case are diffeomorphic to S2n−1, in our case become diffeomorphic to L 2n−1k .
This change in the topology of the critical submanifolds is responsible for the different behavior
of the homology groups in the equivariant and non-equivariant case and thus for the fact that the
contact squeezing of Theorem 1.1 cannot be performed in the equivariant case.
Any bi-invariant partial order defined on a group G gives rise to a numerical invariant, called
relative growth, for pairs of elements in G. The relative growth in turn can be used to associate
to G a canonical partially ordered metric space (see [EP00]). As observed in [EP00], the notion
of relative growth can be applied in particular to the contactomorphism group of an orderable
contact manifold, giving rise to an invariant that can be considered as a contact generalization of
the rotation number of a diffeomorphism of S1. This was in fact the main motivation of Eliash-
berg and Polterovich in introducing the notion of orderability in contact topology. It would be
interesting to study the relative growth and the geometry of the associated metric space in the
special case of lens spaces. However we do not address this question in the present article.
This article is organized as follows. In Section 2 we recall from [S11] the construction of con-
tact homology for domains in R2n × S1. In Section 3 we study the equivariant case. In 3.1 we
prove existence and uniqueness of Zk-invariant generating functions, and in 3.3 we use these re-
sults to define the equivariant contact homology groups for Zk-invariant domains of R
2n×S1, after
recalling in 3.2 the classical construction of equivariant homology. In Section 4 we first present
in 4.1 Traynor’s calculation of the symplectic homology of balls [Tr94], then we show in 4.2 how
to modify it in the Zk-equivariant case and finally in 4.3 how to use the obtained results to prove
Theorem 1.2.
Acknowledgments. This work was mostly done during my PhD at Instituto Superior Te´cnico
in Lisbon, under the supervision of Miguel Abreu. I thank him for all his mathematical guidance
and support. I am also very grateful to Gustavo Granja for his help on algebraic topology and
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2. Contact Homology for Domains of R2n × S1
We start with some preliminaries on generating functions, referring to [S11] and the bibliography
therein for more details. Let B be a closed manifold, and S : E → R a function defined on the
total space of a fiber bundle p : E → B. We will assume that dS : E −→ T ∗E is transverse
to NE := { (e, η) ∈ T
∗E | η = 0 on ker dp (e) }, so that the set ΣS of fiber critical points is a
submanifold of E of dimension equal to the dimension of B. To any e in ΣS we can associate an
element v∗(e) of T ∗p(e)B defined by v
∗(e) (X) := dS (X̂) for X ∈ Tp(e)B, where X̂ is any vector
in TeE with p∗(X̂) = X . Then iS : ΣS −→ T
∗B, e 7→
(
p(e), v∗(e)
)
and jS : ΣS −→ J
1B,
e 7→
(
p(e), v∗(e), S(e)
)
are respectively a Lagrangian and a Legendrian immersion. S : E −→ R
is called a generating function for iS (ΣS) and for jS (ΣS). Note that, since i
∗
S λcan = d (S|ΣS ),
jS (ΣS) a lift to J
1(B) of the exact Lagrangian submanifold iS (ΣS) of T
∗B. Note also that critical
points of S correspond to intersection points of iS (ΣS) with the 0-section and of jS (ΣS) with the
0-wall.
A generating function S : E −→ R is called quadratic at infinity if p : E −→ B is a vector bundle
and if there exists a non-degenerate quadratic formQ∞ : E −→ R such that dS−∂vQ∞ : E −→ E
∗
is bounded, where ∂v denotes the fiber derivative. Existence and uniqueness results for generating
functions quadratic at infinity have been proved in the symplectic case by Sikorav [Sik86, Sik87],
using ideas of [LS85] and [Chap84], and by Viterbo [Vit92] and The´ret [Th99]. These results were
then generalized to the contact case by Chaperon, Chekanov and The´ret.
Theorem 2.1 ([Chap95], [Chek96], [Th95]). Any Legendrian submanifold of J1B contact iso-
topic to the 0-section has a generating function quadratic at infinity, which is unique up to fiber-
preserving diffeomorphism and stabilization.
Recall that a stabilization of a generating function S : E −→ R defined on the total space E of a
vector bundle over B is a function of the form S′ = S + Q : E′ = E ⊕ F −→ R, where F −→ B
is a vector bundle and Q : F −→ R is a non-degenerate quadratic form. A generating function
quadratic at infinity S : E −→ R is said to be special if E = B×RN and S = S0+Q∞, where S0
is compactly supported and Q∞ is the same quadratic form on each fiber. The´ret [Th95, Th99]
proved that any generating function quadratic at infinity can be modified to a special one by ap-
plying fiber preserving diffeomorphism and stabilization. In the following we will always consider
generating functions which are quadratic at infinity, and we will assume that they are special
whenever this is needed.
The theory of generating functions has been applied by Viterbo [Vit92] to the case of com-
pactly supported Hamiltonian symplectomorphisms of
(
R2n , ω = dx ∧ dy
)
. He did this by
associating to any φ in Hamc (R2n) a Lagrangian submanifold Γφ of T
∗S2n, which is defined
to be the compactified image of the composition γφ = σ ◦ grφ : R
2n → T ∗R2n where grφ :
R2n −→ R2n × R2n is the graph of φ and σ : R2n × R2n → T ∗R2n the symplectomorphism that
maps a point (x, y,X, Y ) to (x+X2 ,
y+Y
2 , Y − y, x −X). This construction can be generalized to
the contact case by associating to a contactomorphism φ of
(
R2n+1, ξ0 = ker (dz −
ydx−xdy
2 )
)
a Legendrian submanifold Γφ of J
1R2n+1 which is defined as follows. Consider first the graph
grφ : R
2n+1 −→ R2(2n+1)+1, q 7→ (q, φ(q), g(q)) where g : R2n+1 −→ R is the function given by
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φ∗(dz − ydx−xdy2 ) = e
g(dz − ydx−xdy2 ). Note that grφ is a Legendrian embedding, with respect to
the contact structure ker
(
eθ(dz − ydx−xdy2 ) − (dZ −
Y dX−XdY
2 )
)
on R2(2n+1)+1. We then define
Γφ to be the image of the Legendrian embedding γφ = σ ◦ grφ : R
2n+1 −→ J1R2n+1, where
σ : R2(2n+1)+1 −→ J1R2n+1 is the map
(2) (x, y, z,X, Y, Z, θ) 7→
(e θ2 x+X
2
,
e
θ
2 y + Y
2
, z, Y −e
θ
2 y, e
θ
2 x−X, eθ−1, Z−z+
e
θ
2 (xY − yX)
2
)
.
Note that σ is a contact embedding, sending the diagonal { x = X , y = Y , z = Z , θ = 0 } to the
0-section 2. Note moreover that Γφ can also be written as Γφ = Ψφ(0-section), with Ψφ denoting
the local contactomorphism of J1R2n+1 defined by the diagram
(3) R2(2n+1)+1
φ //
σ

R2(2n+1)+1
σ

J1R2n+1
Ψφ
// J1R2n+1
where φ is defined by (p, P, θ) 7→ (p, φ(P ), g(P ) + θ). This shows in particular that if φ is contact
isotopic to the identity then Γφ is contact isotopic to the 0-section. Moreover, if φ is 1-periodic in
the z-coordinate and compactly supported in the (x, y)-plane, i.e. if φ is a compactly supported
contactomorphism of R2n×S1, then Γφ can be seen as a Legendrian submanifold of J
1(S2n×S1).
By Theorem 2.1 we know thus that it has a (special) generating function S : (S2n×S1)×RN → R,
which is unique up to fiber-preserving diffeomorphism and stabilization. In the following, by gen-
erating function of a contactomorphism φ of R2n × S1 we will always mean a generating function
S for the associated Legendrian submanifold Γφ of J
1(S2n × S1). The crucial property of S is
that its critical points correspond to translated points of φ = (φ1, φ2, φ3), i.e. points q = (x, y, z)
such that φ1(q) = x, φ2(q) = y and g(q) = 0 (see [S11]).
Let a, b be integer numbers that are not critical values of S. The contact homology G
(a,b]
∗ (φ)
of φ with respect to the parameters a and b is defined by
G
(a,b]
k (φ) := Hk+ι (E
b, Ea)
where E denotes the domain of the generating function S, Ea and Eb the sublevel sets at a and b,
and ι the index of the quadratic at infinity part of S. We will also consider the groups G
(a,b]
∗ (φ)
for a = −∞ or b = +∞ by defining E+∞ = E and E−∞ = Ec for c sufficiently negative. It follows
from the uniqueness part of Theorem 2.1 that the G
(a,b]
k (φ) are well-defined, i.e. do not depend
on the choice of the generating function. Moreover it was proved in [S11] that these groups are
invariant by conjugation.
Proposition 2.2. For any contactomorphism ψ of R2n × S1 isotopic to the identity we have an
induced isomorphism
ψ∗ : G
(a,b]
∗ (ψφψ
−1) −→ G
(a,b]
∗ (φ).
Consider the partial order ≤ on the group Cont c0 (R
2n×S1) of compactly supported contactomor-
phisms of R2n×S1 isotopic to the identity which is given by φ0 ≤ φ1 if φ1φ
−1
0 is the time-1 flow of
a non-negative contact Hamiltonian 3. It can be proved (see [S11]) that if φ0 ≤ φ1 then there are
2There are also other contact embeddings R2(2n+1)+1 −→ J1R2n+1 with this property, for example the one
introduced by Bhupal [Bh01] and defined by (x, y, z,X, Y, Z, θ) 7→
(
x, Y, z, Y −eθy, x−X, eθ−1, xY −XY +Z−z
)
.
Notice that this map generalizes the symplectomorphism R2n ×R2n → T ∗R2n defined by (x, y,X, Y ) 7→ (x, Y, Y −
y, x−X). Similarly there is also a contact embedding R2(2n+1)+1 −→ J1R2n+1 generalizing the symplectomorphism
R2n × R2n → T ∗R2n defined by (x, y,X, Y ) 7→ (y,X, x − X,Y − y). For the purposes of this section we could
equivalently use any of these formulas. However formula (2) is the only one which is symmetric with respect to the
Zk-action that we will consider in the next section, and thus which is suitable for developing the Zk-equivariant
theory of contact homology for domains in R2n × S1.
3It was proved by Bhupal [Bh01] that ≤ defines indeed a partial order, see also [S11].
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generating functions S0, S1 : E −→ R for Γφ0 , Γφ1 respectively such that S0 ≤ S1. Thus inclusion
of sublevel sets gives an induced homomorphism µ 10 : G
(a,b]
∗ (φ1)→ G
(a,b]
∗ (φ0) which commutes
with the isomorphisms given by Proposition 2.2. Given a domain V of R2n × S1 we denote by
Cont ca,b (V) the set of contactomorphisms φ in Cont
c
0 (R
2n×S1) with support contained in V and
whose generating function does not have a and b as critical values. Then {G
(a,b]
k (φi)}φi∈Cont ca,b (V)
is an inversely directed family of groups, so we can define the contact homology G
(a,b]
∗ (V) of
V with respect to the values a and b to be the inverse limit of this family. Contact invariance
and monotonicity of these groups follow easily from Proposition 2.2 and from monotonicity of
G
(a,b]
∗ (φ) with respect to the partial order ≤ (see [S11]).
3. Equivariant Contact Homology
We will develop in this section an equivariant version of the theory of contact homology for
domains of R2n × S1, with respect to the action of Zk on R
2n × S1 ≡ Cn × S1 given by
τk : (w0, · · · , wn−1, z) 7→
(
e2πim0/kw0, · · · , e
2πimn−1/kwn−1, z
)
. We first observe that an easy
application of the uniqueness theorem for generating functions shows that if φ is equivariant then
every generating function S : (R2n×S1)×RN → R of φ is Zk-invariant, with respect to the action
τk on R
2n, up to fiber preserving diffeomorphism and stabilization. This follows from the next
two lemmas.
Lemma 3.1. Let φ be a Zk-equivariant contactomorphism of R
2n+1. Then the associated Legen-
drian embedding γφ : R
2n+1 −→ J1R2n+1 is also Zk-equivariant.
Here we consider the action of Zk on J
1R2n+1 given by (q, p, θ) 7→
(
τk(q), (τ
∗
k )
−1(p), θ
)
. In the
following we will denote by τk also the action of the generator of Zk on J
1R2n+1.
Proof. By formula (2) we have
γφ(x, y, z) =
(e g2 x+ φ1
2
,
e
g
2 y + φ2
2
, z, φ2 − e
g
2 y, e
g
2 x− φ1, e
g − 1, φ3 − z +
e
g
2 (xφ2 − yφ1)
2
)
where g is the function satisfying φ∗(dz − ydx−xdy2 ) = e
g(dz − ydx−xdy2 ) and where φ1, φ2 and φ3
denote respectively the first n components, the second n component and the last component of φ.
The Zk-action on R
2n+1 is given by
τk(x, y, z) =
(
x cos(
2π
k
)− y sin(
2π
k
), y cos(
2π
k
) + x sin(
2π
k
), z
)
and on J1R2n+1 by
τk(q1, q2, q3, p1, p2, p3, θ) =
(
q1 cos(
2π
k
)− q2 sin(
2π
k
), q2 cos(
2π
k
) + q1 sin(
2π
k
), q3,
p1 cos(
2π
k
)− p2 sin(
2π
k
), p2 cos(
2π
k
) + p1 sin(
2π
k
), p3, θ
)
.
Since φ is Zk-equivariant, i.e. φ ◦ τk = τk ◦ φ, we have that φ1 ◦ τk = φ1 cos(
2π
k ) − φ2 sin(
2π
k ),
φ2 ◦ τk = φ2 cos(
2π
k ) + φ1 sin(
2π
k ) and φ3 ◦ τk = φ3. Moreover we also have that g ◦ τk = g.
Using this information, a straightforward calculation shows that γφ ◦ τk = τk ◦ γφ, i.e. γφ is
Zk-equivariant. 
Lemma 3.2. Let φ be a (not necessarily Zk-equivariant) contactomorphism of R
2n+1. If S :
R2n+1 × RN → R is a generating function for the Legendrian submanifold Γφ of J
1R2n+1 then
the function S : R2n+1 × RN → R defined by S(q; ξ) = S
(
τk(q); ξ
)
is a generating function for
τ −1k (Γφ).
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Proof. The set of fiber critical points of S is given by
ΣS = { (q; ξ) ∈ R
2n+1 × RN |
∂S
∂ξ
(q; ξ) = 0 } = { (q; ξ) ∈ R2n+1 × RN |
∂S
∂ξ
(
τk(q); ξ
)
= 0 }
and the Legendrian embedding iS : ΣS → J
1R2n+1 maps a point (q; ξ) to
iS (q; ξ) =
(
q,
∂S
∂q
(q; ξ), S(q; ξ)
)
=
(
q, τ ∗k
(∂S
∂q
(
τk(q); ξ
))
, S
(
τk(q); ξ
))
.
Thus S generates
{
(
q, τ ∗k
(∂S
∂q
(
τk(q); ξ
))
, S(τk(q); ξ)
)
|
∂S
∂ξ
(
τk(q); ξ
)
= 0 }
= {
(
τ−1k (q), τ
∗
k
(∂S
∂q
(q; ξ)
)
, S(q; ξ)
)
|
∂S
∂ξ
(q; ξ) = 0 } = τ −1k (Γφ).

If the contactomorphism φ is Zk-equivariant then by Lemma 3.1 we have τ
−1
k (Γφ) = Γφ, thus
it follows from Lemma 3.2 and the uniqueness part of Theorem 2.1 that S is Zk-invariant up to
fiber-preserving diffeomorphism and stabilization.
We will show in the next subsection that it is possible to find a generating function S : (R2n ×
S1) × RN → R which is truly invariant, but with respect to an action of Zk that also rotates
the fiber RN . Moreover we will also prove a Zk-equivariant uniqueness theorem for Zk-invariant
generating functions of φ.
3.1. Zk-Invariant generating functions. In this subsection we will prove existence and unique-
ness of Zk-invariant generating functions for Zk-equivariant contactomorphisms of R
2n × S1. We
start by introducing the following terminology. A generating function S : E → R for a Zk-
equivariant contactomorphism φ of R2n × S1 will be called a Zk-invariant generating func-
tion if E = (R2n × S1) × RM(2n+1) for some M , and S is Zk-invariant with respect to the
total diagonal Zk-action on (R
2n × S1) × RM(2n+1). We will say that a Zk-invariant generat-
ing function S : (R2n × S1) × RM(2n+1) → R is Zk-quadratic at infinity if there exists a
non-degenerate Zk-invariant quadratic form Q∞ defined on the total space of the vector bundle
(R2n × S1)×RM(2n+1) → R2n × S1 such that dS − ∂vQ∞ is bounded, where ∂v denotes the fiber
derivative. In other words, Q∞ is a function on (R
2n × S1)× RM(2n+1) whose restriction to each
fiber {q} × RM(2n+1) is a quadratic form (possibly varying from fiber to fiber) which is invariant
with respect to the Zk-action on R
M(2n+1).
We will denote by Cont Zk0 (R
2n × S1) the group of Zk-equivariant compactly supported con-
tactomorphisms of R2n × S1 isotopic to the identity through contactomorphisms of this form.
Proposition 3.3. Let φ be a contactomorphism in Cont Zk0 (R
2n×S1). Then φ has a Zk-invariant
generating function Zk-quadratic at infinity.
Proof. We will show that the construction of generating functions given in [Chap95] (see also
[Th95] and [S11]) can also be performed in this equivariant setting. We first need to recall the
concept of Greek generating function. Let ϕ be a contactomorphism of J1Rm which is C1-close to
the identity. The Greek generating function of ϕ is a function Φ : Rm× (Rm)∗×R→ R defined as
follows. For (p, z) ∈ (Rm)∗×R consider the function fp,z : R
m → R given by fp,z(q) = z+pq. Note
that j1fp,z : R
m → J1Rm, for (p, z) varying in (Rm)∗×R, form a foliation of J1Rm. Since ϕ is C1-
close to the identity ϕ (j1fp,z) is still a section of J
1Rm, and thus it is the 1-jet of a function Φp,z :
Rm → R. The Greek generating function Φ is then defined by Φ(Q, p, z) = Φp,z(Q). Consider now
a Legendrian submanifold L of J1Rm with generating function S : Rm×RN → R, and a compactly
supported contact isotopy ϕt of J
1Rm which is C1-close to the identity and has Greek generating
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function Φt : R
m× (Rm)∗×R→ R. Then the function St : R
m×
(
(Rm)∗×Rm×RN
)
→ R defined
by
(4) St (Q; p, q, ξ) := Φt
(
Q, p, S(q; ξ)− pq
)
is a generating function for ϕt(L). In particular, notice that this formula shows that the function
S0 : R
m ×
(
(Rm)∗ × Rm × RN
)
→ R defined by S0 (Q; p, q, ξ) := S(q; ξ) + p(Q − q) is also a
generating function for L. The construction of a generating function for a contactomorphism φ
of R2n × S1 goes now as follows. Let φ be the time-1 map of a contact isotopy φt and consider a
sequence 0 = t0 < t1 < · · · < tI−1 < tI = 1 with all φtiφ
−1
ti−1 close enough to the identity. Then
a generating function for φ is obtained inductively by applying at every step the composition
formula (4) to a generating function for Γφti−1 ⊂ J
1(R2n × S1) and a Greek generating function
for the contact isotopy Ψ
φtφ
−1
ti−1
of J1(R2n × S1), in order to obtain a generating function St
for Ψ
φtφ
−1
ti−1
(
Γφti−1
)
= Γφt . Suppose now that φ is the time-1 map of a Zk-equivariant contact
isotopy of R2n × S1. Then φtφ
−1
ti−1 is also Zk-equivariant and so, as a straightforward calculation
shows, its Greek generating function is Zk-invariant with respect to the action τk × (τ
∗
k )
−1 on
(R2n × S1)× (R2n × S1)∗ ×R. On the other hand we also know by Lemma 3.1 and the induction
hypothesis that the generating function of Γφti−1 is Zk-invariant. By (4) we see thus that St is
invariant with respect to the diagonal action of Zk on its domain. Note that the domain is of
the form E = (R2n × S1) × RN with N a multiple of 2n+ 1. We have thus shown that φ has a
Zk-invariant generating function. It was proved by The´ret [Th95] that the family St can be made
quadratic at infinity by an isotopy of fiber preserving diffeomorphisms. More precisely, we can first
apply the change of variables (Q; p, q, ξ) 7→ (Q; p, q+Q, ξ) and define the function S′t(Q; p, q, ξ) :=
St(Q; p, q +Q, ξ) and then find a fiber preserving diffeomorphism transforming S
′
t into a function
that outside a compact set coincides with the quadratic form K(Q; p, q, ξ) = Q(ξ)− pq, where Q
is the quadratic form associated to S. Since K is a Zk-invariant quadratic form, this shows that φ
has a Zk-invariant generating function Zk-quadratic at infinity. For later purposes it is important
to notice that both the change of variables (Q; p, q, ξ) 7→ (Q; p, q +Q, ξ) and the fiber preserving
diffeomorphism constructed by The´ret are Zk-equivariant. 
Generating functions that are Zk-invariant and Zk-quadratic at infinity will be called simply Zk-
generating functions. Two Zk-generating functions are said to be Zk-equivalent if, up to
stabilization with a Zk-invariant quadratic form, we have S = S
′ ◦Ψ where Ψ is a fiber-preserving
diffeomorphism that is equivariant with respect to the total diagonal Zk-action on base and fibers.
Lemma 3.4. Any Zk-generating function is Zk-equivalent to a special one.
Proof. The result can be proved as in the non-equivariant setting [Th95, Th99]. Let S : E = (R2n×
S1)×RM(2n+1) → R be a Zk-generating function with associated quadratic form Q : E → R. For
each q in R2n×S1 consider the spaces E +q and E
−
q associated to Qq : R
M(2n+1) → R. After stabi-
lization by the opposite of Q we may assume that E+ and E− are trivial vector bundles over R2n×
S1. Using this we can prove that Q is isomorphic to a quadratic form independent of the base vari-
able. Consider indeed orthonormal sections e1, · · · , ei : R
2n×S1 → E−, where i is the index of Q,
and ei+1, · · · , eM(2n+1) : R
2n×S1 → E+, and define a (Zk-equivariant) fiber preserving diffeomor-
phism A on (R2n×S1)×RM(2n+1) by A(q;α1, · · · , αM(2n+1)) = (q;α1e1, · · · , αM(2n+1)eM(2n+1)).
Then Q◦A does not depend on the base point q. Suppose now that S : (R2n×S1)×RM(2n+1) → R
is a Zk-generating function with associated quadratic form Q independent of the base variable.
Then we can use the Moser method as in [Th95] to deform S through Zk-equivariant fiber pre-
serving diffeomorphisms in order to obtain S ≡ Q outside a compact set. Moreover we can also
ask the fiber preserving diffeomorphism to be trivial on any prescribed compact set. 
We now want to prove that all Zk-generating functions of φ are Zk-equivalent. We will do this
by following The´ret’s proof of the uniqueness theorem for generating functions [Th95, Th99] and
showing how it can be modified to fit in our equivariant setting. We start with the following result.
EQUIVARIANT HOMOLOGY AND ORDERABILITY OF LENS SPACES 9
Lemma 3.5. If a path of Zk-invariant generating functions generates a constant contactomor-
phism φ then all the functions in the path are Zk-equivalent.
Proof. The non-equivariant version of this statement is proved by The´ret using the Moser method
to obtain a fiber preserving diffeomorphism connecting the begin and end point of the path of
generating functions. It is immediate to see that if we apply this method to a path of Zk-invariant
generating functions then the resulting fiber preserving diffeomorphism is Zk-equivariant. 
As a first application of this result, consider the function S0 : (R
2n×S1)×(R2n×S1)∗×(R2n×S1)×
RN → R that appears in the proof of Proposition 3.3. Recall that S0 is defined by S0(Q; p, q, ξ) :=
S(q; ξ)+p(Q− q), and generates the same contactomorphism as S : (R2n×S1)×RN → R. To see
that S0 is Zk-equivalent to S we first apply the change of variables (Q; p, q, ξ) 7→ (Q; p, q +Q, ξ),
that shows that S0 is Zk-equivalent to the function S
′
0 defined by S
′
0(Q; p, q, ξ) = S(Q+ q; ξ)− pq.
Notice that S′0 can be written more conveniently as S
′
0(q; p,Q, ξ) = S(Q+ q; ξ)− pQ, and can be
joined to the function S′′0 (q; p,Q, ξ) = S(q; ξ)−pQ by the path of functions s 7→ S(sQ+ q; ξ)−pQ,
s ∈ [0, 1). Since all functions of this path generate the same contactomorphism, by applying
Lemma 3.5 we see thus that S′0 and S
′′
0 are Zk-equivalent. Since S
′
0 is Zk-equivalent to S0 and S
′′
0
is a Zk-stabilization of S we see thus that S0 is Zk-equivalent to S. This fact, applied to the proof
of Proposition 3.3 (and to a 1-parameter version of it) shows the following path and homotopy
lifting result.
Proposition 3.6. Let φt be an isotopy in Cont
Zk
0 (R
2n × S1) and suppose that φ0 has a Zk-
generating function S0. Then there exists a path S
′
t of Zk-generating functions such that S
′
0 is
Zk-equivalent to S0, and each S
′
t generates the corresponding φt. Moreover, suppose that φ
s
t is a
homotopy of paths in Cont Zk0 (R
2n×S1) and S 0t a path of Zk-generating functions such that each
S 0t generates the corresponding φ
0
t . Then there exists a family S
′ s
t such that S
′ 0
t is Zk-equivalent
to S 0t and each S
′ s
t generates the corresponding φ
s
t .
We can now prove Zk-uniqueness of generating functions.
Proposition 3.7. All Zk-generating functions of a contactomorphism φ in Cont
Zk
0 (R
2n × S1)
are Zk-equivalent.
Proof. We first prove that the set of elements of Cont Zk0 (R
2n × S1) for which the result holds is
stable under isotopy. Let φt be an isotopy in Cont
Zk
0 (R
2n×S1) and assume that the result holds
for φ1. We want to prove that the same is true for φ0. Consider two Zk-generating function S
and T of φ0. By Proposition 3.6 we know that the path φt in Cont
Zk
0 (R
2n × S1) can be lifted to
paths of Zk-generating function S
′
t and T
′
t , each S
′
t and T
′
t generating the corresponding φt, such
that S′0 is Zk-equivalent to S and T
′
0 to T . By assumption, the generating functions S
′
1 and T
′
1
of φ1 are Zk-equivalent. If we apply the operations relating S
′
1 and T
′
1 to the whole path S
′
t we
obtain a path S′′t lifting φt and such that S
′′
1 = T
′
1. Thus we have a path of generating functions
lifting the path in Cont Zk0 (R
2n × S1) given by following φt from φ0 to φ1 and then backwards
from φ1 to φ0. Since this path in Cont
Zk
0 (R
2n × S1) is contractible we can lift a homotopy
connecting it to the constant path φ0, obtaining as the time-1 map of the homotopy a path of
Zk-generating functions of φ0 connecting S
′′
0 to T
′
0. We can then conclude using Lemma 3.5. We
have thus reduced the problem into proving that all Zk-generating functions of the identity are
Zk-equivalent. Let S : (R
2n × S1) × RM(2n+1) → R be a Zk-generating function for the identity,
and recall that we can assume that it is special, i.e. it coincides outside a compact set with a (Zk-
invariant) quadratic form Q∞ independent of the base variable. Since S generates the identity,
ΣS projects well to R
2n× S1 and hence it is the graph of a map vS : R
2n× S1 → RM(2n+1). Note
that vS is Zk-equivariant with respect to the Zk-actions on R
2n×S1 and RM(2n+1). Define a fiber
preserving diffeomorphism A of (R2n × S1)× RM(2n+1) by A(x, v) =
(
x, v + vS(x)
)
and consider
the function S ◦ A. Note that S ◦A is still Zk-invariant and that its set of fiber critical points is
R2n × S1 × {0}. Although S ◦ A is not special anymore, by Lemma 3.4 we can make it special
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without affecting its set of fiber critical points. We have thus shown that every Zk-generating
function of the identity is Zk-equivalent to some S : (R
2n × S1)×RM(2n+1) → R which is special
and has R2n × S1 × {0} as its set of fiber critical points. Note that in particular this means that
for any q ∈ R2n × S1 the restriction Sq of S to the fiber above q has only one critical point, at
the origin. We can thus apply the generalized Morse lemma to transform S by a Zk-equivariant
fiber preserving diffeomorphism into a function, still denoted by S, that coincides with some non-
degenerate quadratic form Q in a neighborhood U of R2n × S1 × {0}. Note that the generalized
Morse lemma fits well in our Zk-equivariant setting because its proof is based on the Moser method
(see [BH04]) and so if we work with Zk-invariant functions we automatically obtain Zk-equivariant
diffeomorphisms. Note also that for every q in R2n × S1 the quadratic form Qq is invariant with
respect to the Zk-action on R
M(2n+1). This follows from the fact that the function S coincides
with Q near 0 and with the Zk-invariant quadratic form Q∞ at ∞, and that the vertical gradient
of S induces a diffeomorphism between S−1(−∞) and S−1(−ǫ) and between S−1(∞) and S−1(ǫ)
for ǫ > 0 small. We will now prove that S is globally Zk-equivalent to the quadratic form Q.
Since S ≡ Q on U , for ǫ > 0 small we have an injection j : Q−1(−ǫ) ∩ U → S−1(−ǫ). Note that
if j extends to a (Zk-equivariant) diffeomorphism Q
−1(−ǫ) → S−1(−ǫ) then S and Q are (Zk-
)equivalent: a (Zk-equivariant) diffeomorphism is given by following the negative gradient flow of
Q until we reach either U or Q−1(−ǫ) and then back the flow of S, after applying j in the second
case. The problem is thus reduced into showing that j : Q−1(−ǫ) ∩ U → S−1(−ǫ) extends to a
Zk-equivariant fiber preserving diffeomorphism Q
−1(−ǫ) → S−1(−ǫ). Since S ≡ Q∞ outside a
compact set we can identify S−1(−∞) with (R2n×S1)×RM(2n+1)−i×Si−1 where i is the index of
Q∞. Since the vertical gradient of S induces a fiber preserving diffeomorphism between S
−1(−∞)
and S−1(−ǫ), we identify the embedding j with a (Zk-equivariant) embedding of Q
−1(−ǫ) ∩ U
into (R2n × S1)×RM(2n+1)−i × Si−1. For q ∈ R2n × S1 consider the space Pq of diffeomorphisms
fq : Q
−1
q (−ǫ)→ {q}×R
k−i×Si−1 extending j. It was proved by The´ret that φ : P → R2n×S1 is
a locally trivial fibration, with contractible fiber. Note also that we have an obvious Zk-action on
P making φ : P → R2n × S1 equivariant. This action restricts to a Zk-action on the fiber P0 over
the origin. Take a Zk-equivariant f0 in P0, and extend it to π
−1(V) where V is a neighborhood
of 0 above which π is trivial. Since the Zk-action is free on π
−1(R2n × S1 \ {0}) we can extend
in a Zk-equivariant way this local section to a global one, and obtain thus a Zk-equivariant fiber
preserving diffeomorphism Q−1(−ǫ) → S−1(−ǫ) extending j. We have thus shown that every
Zk-generating function of the identity is Zk-equivalent to a Zk-invariant non-degenerate quadratic
form. This finishes the proof because any two Zk-invariant non-degenerate quadratic forms are
Zk-equivalent. Indeed, after stabilization we can assume that they are defined on a vector bundle
of the same dimension and that they have the same index. It is then easy to find a Zk-equivariant
(linear) fiber preserving diffeomorphism relating them. 
3.2. Equivariant homology. The results of the previous subsection will be applied to define the
Zk-equivariant contact homology groups of Zk-equivariant contactomorphisms of R
2n × S1. The
definition will be based on the classical construction of equivariant homology of a space endowed
with a group action, that we will now recall. A standard reference is for instance [tDieck, III.1].
Let X be a space endowed with the action of a compact Lie group G. Note first that taking the
homology of the quotient X/G is not a homotopy invariant operation: this homology changes in
general if we replace X by a homotopy equivalent space. The right homotopy invariant substitute
for the quotient is constructed as follows. Consider a principal G-bundle p : EG → BG with
contractible total space EG. Such a bundle is called a universal principal G-bundle, because any
other principal G-bundle E → B can be obtained as a pullback of it. An explicit construction of
a universal principal G-bundle was given by Milnor [Miln56]. Consider the diagonal action of G
on the product EG ×X . Note that this action is free. The quotient XG := EG ×G X is called
the Borel construction on X , and is well-defined up to homotopy equivalence. The equivariant
homology HG,∗(X) is defined to be the ordinary homology of XG. Note that if the action of G on
X is free then the map σ : XG → X/G induced by the projection EG ×X → X is a homotopy
equivalence, thus HG,∗(X) = H∗(X/G) in this case.
EQUIVARIANT HOMOLOGY AND ORDERABILITY OF LENS SPACES 11
Every G-equivariant map f : X → Y induces a map fG : XG → YG and so a homomorphism
(fG)∗ : HG,∗(X) → HG,∗(Y ). Moreover, if f and g are two G-homotopic G-maps then we have
(fG)∗ = (gG)∗. In other words, HG,∗(−) is a G-homotopy-invariant functor. If A is a G-subspace
of X then AG is a subspace of XG. We define the relative equivariant homology HG,∗(X,A) to be
the usual relative homology of the pair (XG, AG). Then we have an exact sequence
· · · → HG,n(A)→ HG,n(X)→ HG,n(X,A)→ HG,n−1(A)→ · · ·
Suppose now that we have a unitary representation V of G of complex dimension n, with unit ball
and sphere DV and SV . Note that the complex structure on V induces a canonical Thom class
for the vector bundle (V ×X)G → XG. We have thus an equivariant Thom isomorphism
(5) HG,i(X)
∼=
−→ HG,i+2n(DV ×X,SV ×X)
(see [tDieck, III (1.10)]).
3.3. Equivariant contact homology. Consider a contactomorphism φ in Cont Zk0 (R
2n × S1)
with Zk-generating function S : E = (R
2n × S1) × RM(2n+1) → R. Since S is Zk-invariant the
action of Zk on E restricts to the sublevel sets of S, so we can define
G
(a,b]
Zk, ∗
(φ) := HZk, ∗+ι (E
b, Ea).
Lemma 3.8. G
(a,b]
Zk, ∗
(φ) is well defined, i.e. does not depend on the choice of the Zk-generating
function S.
Proof. By Theorem 3.7 we just have to check that Zk-equivariant fiber preserving diffeomor-
phism and Zk-invariant stabilization do not affect the definition of G
(a,b]
Zk, ∗
(φ). Independence by
Zk-equivariant fiber preserving diffeomorphism follows directly from the discussion in the previ-
ous subsection. Suppose now that S′ : (R2n × S1) × RM(2n+1) × RN(2n+1) → R is defined by
S′(q; ξ1, ξ2) = S(q; ξ1) + Q(ξ2) with Q : R
N(2n+1) → R a Zk-invariant quadratic form of index
ιQ. Let (E
b)′ and (Ea)′ denote the sublevel sets of S′ at a and b respectively. We have to
show that HZk, ∗ (E
b, Ea) = HZk, ∗+ιQ
(
(Eb)′, (Ea)′
)
. Note that if Q is positive definite then the
result follows from the fact that the pair
(
(Eb)′, (Ea)′
)
deformation retracts to (Eb, Ea). On
the other hand, if Q is negative definite then by excision the pair
(
(Eb)′, (Ea)′
)
is equivalent to(
D(Eb), S(Eb)∪D(Ea)
)
and thus the result follows from the equivariant Thom isomorphism (5).
The general case follows, after a change of coordinates, by considering separately the positive and
negative definite parts of Q. 
We will now check that all the functorial properties of contact homology go through in this
equivariant setting.
Proposition 3.9. For any contactomorphism ψ in Cont Zk0 (R
2n × S1) we have an induced iso-
morphism
ψZk, ∗ : G
(a,b]
Zk, ∗
(ψφψ−1) −→ G
(a,b]
Zk, ∗
(φ).
Proof. Let ψt be an isotopy connecting ψ = ψt|t=1 to the identity, and consider a 1-parameter
family of Zk-generating functions St : (R
2n × S1) × RM(2n+1) → R for ψtφψ
−1
t (see Proposition
3.6). Consider the isotopy θt : S
−1
0 ({a, b})→ S
−1
t ({a, b}) defined by following the gradient flow
of St (see [S11] for more details). Since the St are Zk-invariant it follows that θt is Zk-equivariant
(provided we calculate the gradient flow with respect to a Zk-invariant metric). We can then
extend θt to a Zk-equivariant isotopy of (R
2n × S1)× RM(2n+1) and get an induced isomorphism
ψZk, ∗ : G
(a,b]
Zk, ∗
(ψφψ−1) −→ G
(a,b]
Zk, ∗
(φ). 
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Note also that if φ0 and φ1 are Zk-equivariant contactomorphisms of R
2n × S1 with φ0 ≤ φ1 then
inclusion of sublevel sets of the generating functions induces, as in the non-equivariant case, a
homomorphism (µ 10 )Zk : G
(a,b]
Zk, ∗
(φ1) → G
(a,b]
Zk, ∗
(φ0). Given a Zk-invariant domain V in R
2n ×
S1 we define its Zk-equivariant contact homology G
(a,b]
Zk, ∗
(V) to be the inverse limit with
respect to the partial order ≤ of the directed family of groups G
(a,b]
Zk, ∗
(φ), for Zk-equivariant
contactomorphisms φ of R2n×S1 supported in V . Equivariant contact invariance (Theorem 3.10)
and monotonicity (Theorem 3.11) of these groups follow easily respectively from Proposition 3.9
and the monotonicity property of the groups G
(a,b]
Zk, ∗
(φ) with respect to the partial order ≤ (see
the proofs of the analogous non-equivariant results in [S11] for more details).
Theorem 3.10. For any Zk-invariant domain V in R
2n × S1 and any Zk-equivariant contacto-
morphism ψ in Cont Zk0 (R
2n × S1) we have an induced isomorphism ψZk, ∗ : G
(a,b]
Zk, ∗
(
ψ(V)
)
−→
G
(a,b]
Zk, ∗
(V).
Theorem 3.11. Every inclusion of Zk-invariant domains induces a homomorphism of the Zk-
equivariant homology groups (reversing the order), with the following functorial properties:
(i) If V1 ⊂ V2 ⊂ V3 then the following diagram commutes
G
(a,b]
Zk, ∗
(V3) //
&&MM
M
M
M
M
M
M
M
M
G
(a,b]
Zk, ∗
(V2)

G
(a,b]
Zk, ∗
(V1).
(ii) If V1 ⊂ V2, then for any Zk-equivariant contactomorphism ψ the following diagram com-
mutes
G
(a,b]
Zk, ∗
(V2) // G
(a,b]
Zk, ∗
(V1)
G
(a,b]
Zk, ∗
(
ψ(V2)
)
ψZk, ∗
OO
// G (a,b]
Zk, ∗
(
ψ(V1)
)
.
ψZk, ∗
OO
Note that the results in 3.1 can be specialized to the symplectic case in order prove existence and
uniqueness of Zk-generating functions for compactly supported symplectomorphisms of R
2n that
are generated by a Zk-invariant Hamiltonian. Thus we can also define, as in the contact case,
equivariant symplectic homology groups for Zk-invariant domains of R
2n. The relation between
the equivariant symplectic homology of a domain U of R2n and the equivariant contact homology
of its prequantization U × S1 is given by the following theorem, that can be proved as in the
non-equivariant case (see [S11]).
Theorem 3.12. For any Zk-invariant domain U of R
2n we have
G
(a,b]
Zk, ∗
(U × S1) = G
(a,b]
Zk, ∗
(U)⊗H∗(S
1).
Moreover, this correspondence is functorial in the following sense. Let U1, U2 be Zk-invariant
domains in R2n with U1 ⊂ U2, and for i = 1, 2 identify G
(a,b]
Zk, ∗
(Ui×S
1) with G
(a,b]
Zk, ∗
(Ui)⊗H∗(S
1).
Then the homomorphism G
(a,b]
Zk, ∗
(U2×S
1)→ G
(a,b]
Zk, ∗
(U1×S
1) induced by the inclusion U1×S
1 →֒
U2×S
1 is given by µZk ⊗ id, where µZk : G
(a,b]
Zk, ∗
(U2)→ G
(a,b]
Zk, ∗
(U1) is the homomorphism induced
by U1 →֒ U2.
4. Calculations for balls and the equivariant contact non-squeezing theorem
In this last section we will calculate the equivariant symplectic homology of balls in R2n and use this
calculation, together with Theorem 3.12, to prove the equivariant non-squeezing theorem stated
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in the introduction (Theorem 1.2). We start by recalling Traynor’s calculation of the symplectic
homology of balls.
4.1. Symplectic homology of balls. In [Tr94] Traynor calculated the symplectic homology of
ellipsoids in R2n. We will present here her calculation in the special case of balls B(R) and of
intervals of the form (a,∞]. We will see in the next subsection how this calculation has to be
modified in the Zk-equivariant case. We first define an unbounded ordered sequence supported
in B(R). Let ρ : [0,∞) → R be a function supported in [0, 1] and such that ρ′′ ≥ 0, ρ′′(m) > 0
for m with ρ′(m) ∈ RN, and ρ′|[0,δ] ≡ c < 0 for some δ > 0. Given such a function we define
a Hamiltonian symplectomorphism φρ of R
2n to be the time-1 map of the Hamiltonian flow of
Hρ : R
2n → R, (w0, · · · , wn−1) 7→ ρ
(
π
RΣ|wi|
2
)
, thus φρ(w) = e
i 2pi
R
ρ′( pi
R
|w|2)w. We then take a
sequence of functions ρκ : [0,∞) → R of the above form in such a way that limκ→∞ ρκ(0) = ∞,
limκ→∞ ρ
′
κ(0) = −∞ and the associated φρ1 ≤ φρ2 ≤ φρ3 ≤ · · · form an unbounded ordered
sequence (supported in B(R)).
Consider now generating functions Sρκ for φρκ , κ = 1, 2, 3, · · · . Let mj ∈ (0, 1) be defined by
ρ′κ(mj) = −jR for j = 1, · · · , ν. It can be shown (see [Tr94]) that for j = 1, · · · , ν the fixed points
set Zj = {
π
R |w|
2 = mj} corresponds to a non-degenerate critical submanifold of Sρκ (diffeomor-
phic to S2n−1) with critical value cj,κ = jRmj + ρκ(mj) and index 2jn + ι, and that the fixed
point Z0 = {0} corresponds to a non-degenerate critical point of Sρκ with critical value ρκ(0)
and index 2(ν + 1)n + ι. Here ι is the index of the quadratic at infinity part of Sρκ . Moreover,
cj,κ < jR for all j and κ, and limκ→∞ cj,κ = jR. Note also that from the point of view of Morse
theory the critical submanifold corresponding to Z∞ = R
2n \ B(R) behaves as a non-degenerate
critical point of index ι (and critical value 0).
We can now calculate G
(a,∞]
∗ (B(R)) = lim←−
G
(a,∞]
∗ (φρκ ). Note first that G
(a,∞]
∗ (B(R)) =
G
(a,∞]
∗ (φρκ ) for κ arbitrarily big. We will then use the following facts.
(1) For a1 < a2 we have an exact sequence
· · · // G (a1,a2]∗ (φρκ )
// G (a1,∞]∗ (φρκ)
// G (a2,∞]∗ (φρκ )
//// G (a1,a2]∗−1 (φρκ )
// · · ·
coming from the exact sequence of the triple Ea1 ⊂ Ea2 ⊂ E.
(2) If the interval (a1, a2] only contains the critical value cj,κ then
G
(a1,a2]
∗ (φρκ ) = H∗−2jn(S
2n−1) =
{
Zk if ∗ = 2jn , 2(j + 1)n− 1
0 otherwise.
Indeed, by Morse-Bott theory we know that passing a non-degenerate critical submanifold
of index λ changes the topology of the sublevel sets by the attachment of a λ-disk bundle
over the critical submanifold. By the Thom isomorphism, and since all critical submani-
folds are diffeomorphic to S2n−1, the relative homology of the sublevel sets is thus given
by the homology of S2n−1 shifted by λ.
(3) By the Thom isomorphism we have
G
(−∞,∞]
∗ (φρκ ) = H∗+ι(E,E
−∞) = H∗(S
2n).
Using (1)-(3) we get the following result.
Theorem 4.1 ([Tr94]). Consider B(R) ⊂ R2n and let a be a positive real number. Then the
symplectic homology of B(R) with Zk-coefficients is given by
G
(a,∞]
∗
(
B(R)
)
=
{
Zk if
a
l ≤ R <
a
l−1
0 otherwise
for ∗ = 2nl, where l is any positive integer. For all other values of ∗ the corresponding ho-
mology groups are zero. Moreover, given R, R′ with al ≤ R < R
′ < al−1 , the homomorphism
G
(a,∞]
∗
(
B(R′)
)
−→ G
(a,∞]
∗
(
B(R)
)
induced by the inclusion B(R) ⊂ B(R′) is an isomorphism.
14 SHEILA SANDON
4.2. Equivariant homology of balls. We continue to work in the setting of the previous subsec-
tion. Note that all the ρκ are Zk-equivariant, so G
(a,∞]
Zk, ∗
(B(R)) = lim
←−
G
(a,∞]
Zk, ∗
(φρκ ). As before
we have that G
(a,∞]
Zk, ∗
(B(R)) = G
(a,∞]
Zk, ∗
(φρκ ) for κ big enough. Note that for a1 < a2 we still
have an exact sequence
· · · // G (a1,a2]
Zk, ∗
(φρκ )
// G (a1,∞]
Zk, ∗
(φρκ )
// G (a2,∞]
Zk, ∗
(φρκ)
//// G (a1,a2]
Zk, ∗−1
(φρκ )
// · · ·
Note also that if the interval (a1, a2] contains only the critical value cj,κ then, by the equivariant
Thom isomorphism (5) and since the action is free near the critical submanifold with critical value
cj,κ, G
(a,∞]
Zk, ∗
(φρκ ) is given by the homology of the quotient of the critical submanifold by the
action. Thus we have
G
(a1,a2]
Zk, ∗
(φρκ ) = H∗−2jn(L
2n−1) =
{
Zk if ∗ = 2jn , 2jn+ 1 , · · · , 2(j + 1)n− 1
0 otherwise.
Moreover we have G
(ρκ(0)−ǫ,∞]
Zk, ∗
(B(R)) = 0 for all ∗ smaller than the index of the critical value
ρκ(0). Using these observations we can now prove the following theorem.
Theorem 4.2. The Zk-equivariant symplectic homology of B(R) with Zk-coefficients and with
respect to the interval (a,∞] for a > 0 is given by
G
(a,∞]
Zk, ∗
(
B(R)
)
=
{
Zk if R ≥
a
l and 2nl ≤ ∗ < 2n(l + 1)− 1
0 otherwise
where l is any positive integer. Moreover, given R, R′ with al ≤ R < R
′, the homomorphism
G
(a,∞]
Zk, ∗
(
B(R′)
)
−→ G
(a,∞]
Zk, ∗
(
B(R)
)
induced by the inclusion B(R) ⊂ B(R′) is in fact an
isomorphism.
For our application in the next subsection it will be sufficient to consider homology groups of
degree ∗ = 2nl. In this case we have that G
(a,∞]
Zk, ∗
(
B(R)
)
does not vanishes for all R ≥ al , in
contrast with the case of G
(a,∞]
∗
(
B(R)
)
that for ∗ = 2nl does not vanishes only in the subinterval
a
l ≤ R <
a
l−1 . This difference is responsible for the different form of the non-squeezing theorem
in the equivariant and non-equivariant [EKP06, S11] case.
Proof. The only case that does not follow immediately from the discussion above is when ∗ = 2nl
and a ≤ (l−1)R. In this case we have G
(a,∞]
Zk, ∗
(
B(R)
)
= G
(a,a′]
Zk, ∗
(
B(R)
)
with lR < a′ < (l+1)R,
but the exact sequences for a < a′′ < ∞ and a′′ < a′ < ∞ with (l − 1)R < a′′ < lR do not
allow us to conclude, since both G
(a′′,a′]
Zk, ∗
(
B(R)
)
and G
(a,a′′]
Zk, ∗−1
(
B(R)
)
do not vanish. To get the
result we will follow the approach of Morse homology for generating functions, as introduced by
Milinkovic´ [Mil99, Mil97]. In order to turn the generating function of ρκ into a (Zk-invariant)
Morse function we will perturb it by a Zk-invariant Morse function f on S
2n−1 with k critical
points { a00,j, · · · , a
0
k−1,j } of index 2j and k critical points { a
1
0,j, · · · , a
1
k−1,j } of index 2j + 1 for
each j = 0, · · · , n − 1 (see [Miln, p26]). We can assume the critical points are numbered in such
a way that the Zk-action sends a
ν
κ,j to a
ν
κ+mj,j
. Then, after identifying aνκ,j with T
k, the Morse
complex of f is
0 −→
Zk[T ]
T k − 1
·(Tmn−1−1)
−−−−−−−−→
Zk[T ]
T k − 1
(∗)
−−→
Zk[T ]
T k − 1
·(Tmn−2−1)
−−−−−−−−→
Zk[T ]
T k − 1
(∗)
−−→
· · · −→
Zk[T ]
T k − 1
·(Tm0−1)
−−−−−−→
Zk[T ]
T k − 1
−→ 0
and the Zk-action for generators of index 2j and 2j+1 is given by multiplication by T
mj . Since the
above complex calculates H∗(S
2n−1) we know that the boundary maps (∗) must be multiplication
by T k−1+· · ·+T+1. Now we use the function f to perturb Sρκ inside small tubular neighborhoods
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of the S2n−1 critical submanifolds of index 2nl and 2n(l − 1). Then the complex calculating
G
(a,a′]
∗
(
B(R)
)
is
0 −→
Zk[T ]
T k − 1
·(Tmn−1−1)
−−−−−−−−→
Zk[T ]
T k − 1
·(Tk−1+···+T+1)
−−−−−−−−−−−→
Zk[T ]
T k − 1
·(Tmn−2−1)
−−−−−−−−→
Zk[T ]
T k − 1
·(Tk−1+···+T+1)
−−−−−−−−−−−→
· · · −→
Zk[T ]
T k − 1
·(Tm0−1)
−−−−−−→
Zk[T ]
T k − 1
(∗∗)
−−→
Zk[T ]
T k − 1
·(Tmn−1−1)
−−−−−−−−→
Zk[T ]
T k − 1
·(Tk−1+···+T+1)
−−−−−−−−−−−→
Zk[T ]
T k − 1
·(Tmn−2−1)
−−−−−−−−→
Zk[T ]
T k − 1
·(Tk−1+···+T+1)
−−−−−−−−−−−→
· · · −→
Zk[T ]
T k − 1
·(Tm0−1)
−−−−−−→
Zk[T ]
T k − 1
−→ 0
Since, by Theorem 4.1, we have G
(a,a′]
∗
(
B(R)
)
= 0 for ∗ = 2nl the map (∗∗) must be multi-
plication by T k−1 + · · · + T + 1. Note that the Zk-action is free on S
−1
ρκ
(
(a, a′]
)
, so that the
equivariant homology G
(a,a′]
Zk, ∗
(
B(R)
)
is obtained by taking the homology of the quotient of the
above chain complex by the Zk-action. We obtain thus that G
(a,a′]
Zk, ∗
(
B(R)
)
= Zk for ∗ = 2nl, as
we wanted. 
4.3. The equivariant non-squeezing theorem. We will now use Theorems 3.12 and 4.2 to
prove Theorem 1.2. Suppose that there is a Zk-equivariant contact isotopy of R
2n × S1 squeezing
B̂(R) into B̂(R′) for R′ arbitrarily small. Then in particular we can find a Zk-equivariant con-
tactomorphism ψ of R2n × S1, supported in some big B̂(R′′) and isotopic to the identity through
Zk-equivariant contactomorphisms, such that ψ
(
B̂(R)
)
⊂ B̂(R′). Consider the following diagram
G
(1,∞]
Zk, ∗
(B̂(R′′)) // G (1,∞]
Zk, ∗
(B̂(R))
G
(1,∞]
Zk, ∗
(B̂(R′′))
ψZk, ∗
OO
// G (1,∞]
Zk, ∗
(B̂(R′)) // G (1,∞]
Zk, ∗
(
ψ(B̂(R))
)
ψZk, ∗
hhQ
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
Q
.
where the horizontal maps are homomorphisms induced by the inclusion of the corresponding
domains (see Theorem 3.11) and the vertical ones are isomorphisms induced by ψ (see Theorem
3.10). Since R′ is arbitrarily small we can find a positive integer l with R′ < 1l < R. Consider
now ∗ = 2nl. Then by Theorem 3.12 and 4.2 we know that G
(1,∞]
Zk, ∗
(B̂(R′)) = 0, and that the
horizontal map on the top is not the 0-homomorphism. Thus the diagram yields a contradiction
and we get the desired result.
References
[BH04] A. Banyaga and D. Hurtubise, Lectures on Morse homology, Kluwer Texts in the Mathematical Sciences,
29, Kluwer Academic Publishers Group, Dordrecht (2004).
[Bh01] M. Bhupal, A partial order on the group of contactomorphisms of R2n+1 via generating functions, Turkish
J. Math. 25 (2001), 125–135.
[Chap84] M. Chaperon, Une ide´e du type “ge´ode´siques brise´es”pour les syste´mes hamiltoniens, C. R. Acad. Sci.
Paris, Se´r. I Math. 298 (1984), 293–296.
[Chap95] M. Chaperon, On generating families, in The Floer Memorial Volume (H. Hofer et al., eds.), (Progr.
Math., vol. 133) Birkhauser, Basel 1995, pp. 283–296.
[Chek96] Y. Chekanov, Critical points of quasi-functions and generating families of Legendrian manifolds, Funct.
Anal. Appl. 30 (1996), 118–128.
[CN10a] V. Chernov and S. Nemirovski, Legendrian links, causality, and the Low conjecture, Geom. Funct. Anal.
19 (2010) 1320–1333.
16 SHEILA SANDON
[CN10b] V. Chernov and S. Nemirovski, Non-negative Legendrian isotopy in ST ∗M , Geom. Topol. 14 (2010),
611–626.
[CFP10] V. Colin, E. Ferrand and P. Pushkar, Positive isotopies of Legendrian submanifolds and applications,
arXiv:1004.5263.
[El91] Y. Eliashberg, New invariants of open symplectic and contact manifolds, J. Amer. Math. Soc. 4 (1991),
513–520.
[EKP06] Y. Eliashberg, S.S. Kim and L. Polterovich, Geometry of contact transformations and domains: order-
ability vs squeezing, Geom. and Topol. 10 (2006), 1635–1747.
[EP00] Y. Eliashberg and L. Polterovich, Partially ordered groups and geometry of contact transformations, Geom.
Funct. Anal. 10 (2000), 1448–1476.
[Giv90] A. Givental, Nonlinear generalization of the Maslov index, in Theory of singularities and its applications,
pp. 71–103, Adv. Soviet Math., 1, Amer. Math. Soc., Providence, RI, 1990.
[LS85] F. Laudenbach and J.C. Sikorav, Persistance d’intersection avec la section nulle au cours d’une isotopie
hamiltonienne dans un fibre cotangent, Invent. Math. 82 (1985), 349–357.
[M08] I. Milin, Orderability of Contactomorphism Groups of Lens Spaces, PhD thesis, Stanford University (2008).
[Mil97] D. Milinkovic´, Floer Homology and Stable Morse Homology in Symplectic Geometry, PhD thesis, University
of Wisconsin-Madison (1997).
[Mil99] D. Milinkovic´, Morse homology for generating functions of Lagrangian submanifolds, Trans. Amer. Math.
Soc., 351 (1999), 3953–3974.
[Miln56] J. Milnor, Construction of universal bundles I and II, Ann. Math., 63 (1956), 272–284 and 430–436.
[Miln] J. Milnor, Morse Theory, Annals of Mathematics Studies vol. 51, Princeton University Press (1963).
[S11] S. Sandon, Contact Homology, Capacity and Non-Squeezing in R2n × S1 via Generating Functions, Ann.
Inst. Fourier (Grenoble) 61 (2011), 145–185.
[Sik86] J.C. Sikorav, Sur les immersions lagrangiennes dans un fibre´ cotangent admettant une phase ge´ne´ratrice
globale, C.R. Acad. Sci. Paris, Se´r. I Math. 302 (1986), 119–122.
[Sik87] J.C. Sikorav, Problemes d’intersections et de points fixes en ge´ome´trie hamiltonienne, Comment. Math.
Helv. 62 (1987), 62–73.
[Th95] D. The´ret, Utilisation des fonctions ge´ne´ratrices en ge´ome´trie symplectique globale, Ph.D. Thesis, Universite´
Denis Diderot (Paris 7), 1995.
[Th99] D. The´ret, A complete proof of Viterbo’s uniqueness theorem on generating functions, Topology Appl. 96
(1999), 249-266.
[tDieck] T. tom Dieck, Transformation groups, de Gruyter Studies in Mathematics 8 (1987).
[Tr94] L. Traynor, Symplectic Homology via generating functions, Geom. Funct. Anal. 4 (1994), 718–748.
[Vit92] C. Viterbo, Symplectic topology as the geometry of generating functions, Math. Ann. 292 (1992), 685–710.
Laboratoire de Mathe´matiques Jean Leray, Universite´ de Nantes, 44322 Nantes, France
E-mail address: sheila.sandon@univ-nantes.fr
